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The Use of the Integral Method in the Determination 
of the Mayr-Voronin and Cassie-Voronin Simplified 
Mathematical Models of Electric Arc with the Changeable 
Length of the Plasma Column 

Abstract: The article discusses the possibility of extending the usability of well-
known integral method formulas used to determine the parameters of the Mayr 
and Cassie mathematical models of fixed-length arc. Simulation tests discussed 
in the article involved the simplified variants of the Mayr-Voronin and Cassie-Vo-
ronin models of electric arc with dissipated power proportional to the volume 
of the elongated column. Results obtained in the tests proved the usability of the 
above-named formulas when calculating the parameters of modified arc mod-
els within a wide range of elongation rate changes.   
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Introduction 
Various electric arc burning conditions in weld-
ing machines and electrothermal equipment 
increase the usability of mathematical models 
of electromagnetic processes in power supply 
circuits of numerous industrial machines. The 
selection of an appropriate mathematical mod-
el makes it possible to improve the accuracy of 
simulation results. However, the criterion of 
such a selection is connected with diagnostic 
possibilities involving the easy determination 
of individual parameters of a given model. On 
one hand, applied models should be accurate, 
yet on the other hand, they should be relative-
ly simple, where a small number of parame-
ters makes it possible to quickly and explicitly 
determine related values. Taking into account 
various external factors affecting arc increases 

the complexity of models. Factors which most 
commonly influence arc are changes of the 
plasma column length. Some researchers try 
to take the aforesaid factors into consideration 
and make parameters of previously known sim-
ple mathematical models variable [1, 2]. 

This article discusses the Mayr-Voronin and 
Cassie-Voronin models having variable param-
eters dependent on the length and the cross-sec-
tional area of the plasma column [3, 5]. In 
addition, the article presents dependences en-
abling the experimental determination of pa-
rameters of the simplest variants of the aforesaid 
models, i.e. the Mayr and Cassie models hav-
ing constant parameters [6, 7]. The application 
of the known formulas of the integral method 
required the additional variation of the former. 
Measurement values of voltage and power were 
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linked to the length of the column. Applied cur-
rent excitation was characterised by sinusoidal 
waveform, constant frequency and various am-
plitude. The study also involved the application 
of various rates of arc length-related time chang-
es and the obtainment of various ultimate values.  

Mathematical models of arc with 
changes of plasma column length 
If experimental current-voltage characteris-
tics of electric arc have significant fragments 
of steeply falling segments of quasi-hyperbolic 
curves, such arc is usually regarded as low-cur-
rent one. The primary feature of such arc is the 
exponential distribution of the enthalpy of the 
plasma column in relation to its conductance:

where qV – volumetric density of enthalpy, J/m3; 
σ – specific conductivity of the arc column, S/m; 
σ₀M and q₀M – coefficients of approximation of 
the plasma conductivity function. The power 
balance equation has the following form: 

where Q – plasma enthalpy, J; Pel – electric pow-
er supplied to the column, W; Pdis – thermal 
power dissipated from the arc column, W; ucol 

– column voltage, V; Q = qVV = qVlS, g = σS / l – 
column electric conductance and S – column 
cross-sectional area.  

Assuming that power dissipated from the 
column is proportional to the side area of the 
column: 

it is possible to obtain the equation of the dy-
namic Mayr-Voronin model of arc with chang-
ing length l(t) and cross-sectional area S(t). The 
form of the equation [3, 5] is as follows:

where 
 – damping function in s: 

 – function of dissipated power in W: 

If, instead of condition (3), it is assumed that 
dissipated power is proportional to the volume 
of the column: 

only other auxiliary function-related depend-
ences can be obtained: 
 – damping variable in s:

 – function of dissipated power in W: 

where pV – volumetric density of dissipated 
power, W/m3.

If it is assumed that changes of the column 
length are relatively slow (dl/dt = 0) and that 
the range of current value changes is not wide, 
then (dS/dt≅ 0) and the following equation: 

being an equivalent of the Mayr model, is 
obtained: 

with PMs (l, S) = PM = const and θMs (S) = θM = 
const.

If experimental current-voltage characteris-
tics of electric arc have significant fragments of 
horizontal segments of curves, such arc is usu-
ally regarded as high-current one. The primary 

 








=

M

V

M q
q

00

exp
σ
σ

 
discoldisel PiuPP

dt
dQ

−=−=

 ( ) SlpSlPP Sdsdis π4, ==

 

( ) ( ) 







−+








+−








−=

S
lg

dt
dS

SS
lg

dt
dl

lSlP
iu

Sdt
dg

g MMMs

col

Ms 00

ln11ln111
,

11
σσθ

 ( ) SlpSlP SMs π4, =

 
( )

π
θ

4
0 S
p

qS
S

M
Ms =

 ( ) ( ) lSpVpSlPVPP VVdvdvdis ==== ,

 
const

p
q

V

M
Mv == 0θ

 ( ) lSpSlP VMv =,

 

( ) ( ) 







−= 1

,
11

SlP
iu

Sdt
dg

g Ms

col

Msθ

 

M
M P

ig
dt
dg 2

=+θ

(1)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(2)

(4)

(3)

http://bulletin.is.gliwice.pl/
http://creativecommons.org/licenses/by-nc/3.0/


BULLETIN OF THE INSTITUTE OF WELDINGNo. 1/2022 53

feature of such arc is the linear distribution of 
the enthalpy of the plasma column in relation 
to its conductance:

where σ₀C and q₀C – coefficients of approxima-
tion of the plasma conductivity function.  

Assuming that power dissipated from the 
column is proportional to the side area of the 
column (3), it is possible to obtain the equa-
tion of the dynamic Cassie-Voronin model of 
arc with changing length l(t). The form of the 
equation is the following [5]:

where, using the dependence: 

it is possible to obtain: 
 – damping function in s: 

 – function of plasma column voltage in V2:

where ECs – intensity of the electric field in the 
arc column, V/m.  

If, instead of condition (3), it is assumed that 
dissipated power is proportional to the volume 
of the column (9), then, instead of (15), a func-
tion independent of S is obtained:

In turn, the auxiliary function of arc column 
voltage adopts the following form: 

where ECv  – intensity of the electric field in the 
arc column, V/m.

If it is assumed that changes of the column 
length are relatively slow (dl/dt = 0) and the 
range of current value changes can be wide, the 
following equation: 

being an equivalent of the Cassie model, is 
obtained: 

with  ( ) constUSlU CCs == 22 ,  and θCs (S) = θC = const.

Determination of Mathematical 
Models of Electric Arc with Changes 
of the Arc Column Length and 
Sinusoidal Current Excitation 
Methods discussed in [6] are used in the ex-
perimental determination of selected parame-
ters of simplified mathematical models of arc 
with sinusoidal or rectangular current excita-
tion (internal admittance of such a source is 
Yw = 0 S) and relatively low disturbance both 
in the power supply source and in the arc col-
umn. Using the spectral or integral (mean and 
root-mean square) values of current, power and 
voltage waveforms related to the plasma col-
umn, it is possible to automatically determine 
parameters of mathematical models, which sig-
nificantly eliminates the subjective selection of 
data necessary for analysis.  

In the article, the determination of the pa-
rameters of the Mayr-Voronin and Cassie-Vo-
ronin models with changes of the arc plasma 
column involved the use of the integral meth-
od. Models used in the tests were characterised 
by dissipated power proportional to the vol-
ume of the column. The radius of free arc is, 
primarily, the function of quasi-statically 
changing current rc = f(I2/3) [8]. However, the 
detailed definition of the dependence concern-
ing the cross-sectional area of the column is 
difficult as it depends not only on the value of 
current but also on the type and pressure of gas 
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as well as external factors (washing around by 
the gas stream, squeezing with the cool walls 
of the duct, interaction with the laser beam, 
etc.). In addition, in dynamic states close to 
i ≅  0 A, plasma may not disappear but even in-
crease its volume and, as a result, increase the 
damping function [9]. As regards the Mayr-Vo-
ronin model, it was assumed that the diameter 
of the plasma column was small and constant. 
In turn, as regards the Cassie-Voronin model, 
the adopted constant diameter of the plasma 
column was larger. The circuit was powered by 
a source having the sinusoidal current wave-
form i = Im cos ωt. The information presented 
in the previous chapter and in publications [6, 
7] was used to select equations (presented in 
Table 1) necessary to determine parameters of 
selected mathematical models of arc. As can be 
seen, changes of length do not affect values of 
time constants. However, the remaining param-
eters are characterised by the linear depend-
ence on the aforesaid length. 

Table 1 contains the following designations: 
Pcol – column active power, Urms – root-mean-
square voltage, Irms – root-mean-square current, 
Erms – root-mean-square electric field intensi-
ty in the column, ucol – momentary voltage val-
ue, av – index informing about average value 

calculation, ucol – momentary value of column 
voltage, ecol – momentary value of electric field 
intensity in the column and pcol – linear den-
sity of power dissipated from the column. The 
values of electric power intensity and those of 
linear power density can be easily calculated 
knowing the measured length of arc ecol = ucol/l 
and Erms = Urms/l, EC = UCl/l, pcol = Pcol/l. Howev-
er, the above-named activities are not neces-
sary in order to identify parameters of models.  

If the values of near-electrode voltage drops 
of arc have already been determined using 
known experimental methods [10], the assess-
ment is concerned with the possibility of deter-
mining parameters of the model of the column 
with various rates of column length changes. 
The circuit is powered by sinusoidal current 
having variable amplitude and a constant fre-
quency of 50 Hz.  

Figures 1 and 2 present the results concerning 
the simulation of linearly stretched arc burn-
ing in a circuit powered by sinusoidal current 
having an amplitude of 10 A. The selected pa-
rameters were q₀M = 5×10⁵ J/m3, σ₀M = 800 S/m, 
S = 9×10-⁵ m2 and initial condition G₀ = 2000 
S. The study involved taking into considera-
tion various densities of dissipated power as 
well as various arc column elongation rates. The 

Table 1. Formulas used in the determination of parameters of mathematical models of the electric arc column based on 
measurements performed in the circuit with the source of sinusoidal current 

Parameters of the simplified arc model (dl/dt = 0) Parameters of the modified model of arc having 
the changeable column length (dl/dt ≠ 0)
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time of elongation operation 
amounted to 1 s. As expected, 
it was observed that the tran-
sient state was followed by a 
linear increase in power PM 
and the fast stabilisation of 
constant damping function 
values.  

Figures 3 and 4 present the 
results concerning the sim-
ulation of linearly stretched 
arc burning in a circuit pow-
ered by sinusoidal current 
having an amplitude of 150 
A. The selected parameters of 
the Cassie-Voronin model of 
arc were qV = 1×10⁴ J/m3, q₀C 
= 16×10⁶ J/m3, σ₀C = 800 S/m, 
S = 1,437×10-3 m2 and initial 
condition G₀ = 2000 S. The 
study involved taking into 
consideration various den-
sities of dissipated power as 
well as various arc column 
elongation rates. As expect-
ed, it was observed that the 
transient state was followed 
by a linear increase in volt-
age UC and the stabilisation 
of constant damping func-
tion values.  

Concluding remarks 
1. Well-known integral meth-
ods used in the determination 
parameters of the Mayr and 
Cassie mathematical mod-
els of electric arc with the 
constant length of the plas-
ma column can also be ap-
plied to identify parameters of 
the Mayr-Voronin and Cas-
sie-Voronin models of elec-
tric arc with the changeable 
length of the plasma column.

Fig. 1. Dynamic current-voltage characteristic of arc having the stretched plasma 
column and described using the Mayr-Voronin model: a) parameters 

(pV= 6×10⁸ W/m3, l = (4 + 5t)×10-3, m) and b) parameters (pV= 7×10⁸ W/m3, 
l = (5 + 8t)×10-3, m)

Fig. 2. Diagrams of changes of parameters of arc having the stretched plasma 
column and described using the Mayr-Voronin model: 

(1 - (pV= 6×10⁸ W/m3, l = (4 + 5t)×10-3, m), 2 - (pV= 7×10⁸ W/m3, 
l = (5 + 8t)×10-3, m), 3 – (pV= 8×10⁸ W/m3, l = (6 + 12t)×10-3, m)): 

a) power PMl and b) damping function θMl 

Fig. 3. Dynamic current-voltage characteristic of arc having the stretched plasma 
column and described using the Cassie-Voronin model 

a) parameters (pV=40×10⁶ Wm-3, l = (4 + 5t)×10-3, m) and b) parameters 
(pV= 50×10⁶ Wm-3, l = (5 + 8t)×10-3, m)

http://creativecommons.org/licenses/by-nc/3.0/
http://bulletin.is.gliwice.pl/


No. 1/202256 BULLETIN OF THE INSTITUTE OF WELDING

2. Only the very short initial phase of simu-
lations was characterised by significant changes 
and differences between calculated and expect-
ed results. The aforementioned situation was 
caused by transitory processes in the circuit 
with arc. 

3. The selection of a mathematical model as 
well as its parameters and the pre-set accuracy 
of their determination are related to ultimate 
rates at which the effect of changes of the arc 
column length is properly taken into consid-
eration. Excessive rates and elongation are also 
responsible for the instability of arc discharge 
and termination. 

4. Changes of the plasma column length con-
stitute the primary method enabling the con-
trol of arc power in many industrial machines. 
The possibility of identifying parameters of the 
mathematical model of such arc could facilitate 
the development and implementation of con-
trol algorithms. 
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